Abstract. In this paper, the implicit finite difference method is developed for the fractional wave equation with Dirichlet and fractional boundary conditions. The consistency and stability of the method are strictly proved by the Gerschgorin theorem and mathematical induction. Numerical examples show the accuracy and efficiency of the scheme and coincide with the theoretical analysis.
Introduction
Fractional differential equations are generalizations of integer-order differential equations, which have been used in many models, such as fractional diffusion equations describing anomalous diffusion [1, 2] and continuous-time finance problems [3] , fractional Fokker-Planck equations describing L é vy stable processes [4, 5] and porous media [6] , and fractional wave equations describing chiral media [7] [8] [9] , waveguides [10] , reflection and scattering problems [11] . As most of fractional differential equations do not have explicit analytical solutions, research on numerical methods of fractional differential equations become critical.
In this paper, we consider the fractional wave equation with the the left-sided fractional spatial derivative as follows 
where the parameter α describes the fractional order of spatial derivatives with 12 α <<.
Coefficient function (,)
cxt is positive, (,) dxt refers to a source term, 0 γ = corresponds to a fractional Neumann boundary condition, and 0 γ > corresponds to a fractional Robin boundary condition. 
where n is an integer, and 1 nn β −<≤. When β is an integer, (4) gives the standard integer derivative.
Recently, Jia and Wang [15] developed a fast finite difference method for space-fractional diffusion equations with fractional derivative boundary conditions in one space dimension. Guo et al. [16] processed an implicit finite difference method for a one-dimensional fractional percolation equation with the Dirichlet and fractional boundary conditions. To our knowledge, implict finite difference method for fractional wave equation with the Dirichlet and fractional boundary conditions is still limited. This motivate us to examine a numerical approach for it.
The rest of the paper is organized as follows. In Section 2, we construct an implicit finite difference scheme and study its consistency. The stabilty of the scheme is proved in Section 3. In Section 4, we carry out numerical examples to check the accuracy and efficiency of the proposed scheme. Finally, we draw our conclusions in Section 5.
Implicit finite difference method and its consistency
In this section, we construct an implicit finite difference scheme and study the consistency for (1) (2) (3) .
For the numerical approximation scheme, Let 
where 11,11 iNmM ≤≤−≤≤− .
And the left-sided fractional spatial derivative of the order 1 α − in (2) can be discretized by the standard left Grünwald-Letnikov fractional derivative [17] as 
This implies the consistency of the implicit finite difference scheme difined by (9)- (12) .
Stability analysis
In this section, we discuss the stability and convergence of the numerical method (9)-(12). 
where 11 mM ≤≤− . Then the implicit finite difference schemes (9)- (12) can be presented as the matrix form as follows: 
and the coefficient matrix (1) A , (2) A and their entries are ( ) 
11 ( 
In the following, we present some lemmas which are used later in this paper. First, we list some properties of the alternating fractional binomial coefficients [14] . Before giving the Lemma 2, we consider a equivalent form of the the finite difference scheme (18) .
Let us express the coefficient matrix (2) A defined by (20) in a block form as follows 1,11, (2) (2) ,1, 
( ) Then by Gerschgorin theorem [18] , we have that all of the Greschgorin disks of the matrix B are within the left half of the complex plane.
Next, from (27), we can clear know that the eigenvalues of the matrix
1,1 NN
A −− has a magnitude larger than 1. Therefore, the spectral radius of the matrix ( ) 
Then (37) Using mathematical induction, we complete the proof.
The following theorem can be obtained by above proposition [19] [20] . Theorem 1. The implicit finite difference (17)- (18) is unconditional stable.
Numerical example
In this section, we consider the numerical solution of the fractional wave equation using the proposed scheme (9)- (12).
Example. We consider the following fractional wave equation and Robin boundary condition ( 1 γ = ). Table 1 shows the maximum errors at the time 1 T = , where
, a value small enough such that the space discretization errors are negligible while comparing with the time errors. It illustrates that the numerical method is temporally first-order accurate both for the fractional Neumann and Robin boundary condition. In Tables 2, with sufficiently small time step size   4 10 t − ∆= , the convergence order in space of our schemes is also checked as first-order accurate. This implys the stability of the implicit finite difference scheme (9)- (12) proved in Theorem 1 and shows that the scheme are temporally and spatially first-order accurate.
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(a) (b) Fig.1 The comparisons of numerical solution and exact solution for 1.9,1/40 th α =∆== at the 
Conclusion
In this paper, an implicit finite difference method is developed for the one-dimensional space fractional wave equation with the Dirichlet and fractional boundary conditions. The unconditional stability of the method are proved with the Gerschgorin theorem and mathematical induction. The numerical experiment confirms the theoretical analysis and illustrates the practicability of the numerical scheme. Higher-order methods for the fractional wave equation will be considered in our future work.
